The time-dependence of correlation functions under the influence of classical equations of motion is described by an exact evolution equation. For conservative systems thermodynamic equilibrium is a fixed point of these equations. We show that this fixed point is not universally stable, since infinitely many conserved correlation functions obstruct the approach to equilibrium.
Recent years have seen large-scale computer simulations of the statistical behaviour of nonlinear classical field equations. Examples in particle physics and cosmology range from the formation of defects during phase transitions in the early universe and inflation [1] to the computation of the rate of baryon-number violating processes at high temperature T [2] or speculations about the formation of a disordered chiral condensate in heavy ion collisions [3] . A typical model is a ϕ 4 theory for N complex scalar fields, N = 1 being relevant for string formation and N = 2 for the chiral phase transition. Simulations of statistical properties of such systems solve the classical nonlinear field equations numerically for given initial conditions.
Subsequently the average over a suitable ensemble of initial conditions is taken.
This determines the time-dependent correlation functions of the system. The use of classical field equations is often motivated by the conjecture that classical equations govern the behaviour of long-distance modes (typical momenta smaller than T ) even in case of high temperature quantum field theory. We emphasize that quantum effects can be (partially) incorporated by using the field equations derived from the quantum-effective action or a coarse-grained version of it [4] .
As a step towards an analytical treatment of the time evolution of statistical properties an exact evolution equation for generating functionals of time-dependent ("equal time"-) correlation functions has recently been proposed [5] . For conservative classical field equations thermodynamic equilibrium is a fixed point of this evolution equation. In this note we investigate if and how this fixed point is approached. Intuitively, one expects that suitably averaged "macroscopic" quantities should thermalize even in the absence of dissipation: Two types of gas should mix due to classical motion with elastic scattering of the molecules.
2 Nevertheless, our investigations show that the equilibrium fixed point is not universally attractive. We find that fluctuations around this fixed point are characterized by infinitely many conserved correlations which obstruct the approach to the fixed point. The situation seems very similar to quantum statistics where the trace of arbitrary powers of the density matrix is conserved for a closed system. Under such cirucumstances only suitable "macroscopic" degrees of freedom or particular subsystems can thermal-2 In case of a finite number of conserved quantities beyond energy the equilibrium should, of course, be formulated in accordance with the conservation laws -in analogy to a conserved particle number in classical statistics.
ize whereas on a "microscopic" scale correlation functions fluctuate in time. Our treatment of the time evolution of correlation functions in classical statistics indeed reveals many analogies to quantum statistics. Our considerations are quite general, with applications far beyond the specific ϕ 4 -models mentioned in this note.
Consider some number of complex degrees of freedom χ m whose time evolution is given by the equation of motion
(Summation over repeated indices is always implied.) The matrixĤ is hermitean and we assume that it can be expanded in powers of χ. For the purpose of this note we will also specialize to the case of a conserved charge (corresponding to phase rotations of χ) for whichĤ contains equal powers of χ and χ *
Hereĥ (l) is symmetric in (m, q 1 , ..., q l ) and (n, r 1 , ..., r l ) and obeysĥ
The equation of motion (1) can be derived from a quantity U
We note that the system is conservative (dU/dt = 0) if the coefficientsĥ (l) are timeindependent. Eqs. (3), (4) are characteristic for non-relativistic field equations. As an example we start from the relativistic wave equation for a complex scalar field φ
Here W is a real function of ρ = ϕ * ϕ. In the nonrelativistic limit we use
and neglect terms ∼χ such thaṫ
We identify the infinitely many χ m with χ(x) or with corresponding Fourier modes of motion is linear (ĥ (l) = 0 for l > 0). In the following we will also include the possibility that the coefficientsĥ (l) depend on time. We will see below that crucial features of the non-relativistic limit also persist for the relativistic second-order equation (5) .
At some time t 0 we specify an ensemble of initial conditions for χ 0 m = χ m (t 0 ) by a probability distribution exp −S 0 [χ 0 ]. At any later time t the generating functional for the n-point functions is given by
with χ m (t; χ 0 ) the solution of the equation of motion (1) with the particular initial condition χ(t 0 ) = χ 0 . In particular, the two-point function reads
with Z = Z[j = 0] independent of t. More generally, for a given time t the state of the system can be characterized by the coefficients z (k,l) (t) of a Taylor expansion of
The time dependence of Z[j, t] is determined by an exact evolution equation [?]
with ∂ t the time derivative at fixed j. This is equivalent to an infinite system of evolution equations for the correlation functions z (k,l) , which obtains by taking appropriate partial derivatives of eq. (12) with respect to j. For the equation of motion (1) F m involves at least one derivative with respect to j. In consequence, the
but not those with k ′ +l ′ < k+l. For a given k+l the correlation functions z (k ′ ,l ′ ) with k ′ +l ′ > k +l act as a sort of "environment" for the evolution of z (k,l) : They influence the dynamics of z (k,l) , but are not affected themselves by the time evolution of z (k,l) .
Symmetries of Z[j] are conserved 3 by the evolution equation (12) For conservative equations of motion (4), eq. (12) has a fixed point (∂ t Z * = 0) which corresponds to thermodynamic equilibrium at temperature
In this note we address the question if this fixed point is approached for t → ∞. We will see that for generic initial conditions this is not the case due to the existence of infinitely many conserved quantities which characterize the evolution of the correlation functions. For the equation of motion (1) a first set of conserved quantities is easily found by observing that due to the factor i one has for arbitrary j
For j = 0 one infers immediately that the trace of the two-point function (9) is conserved, dT rρ/dt = 0. We also conclude that the operators (∂ 2 /∂j * m ∂j m ) and
]) commute. This leads to an infinite set of conserved correlation It follows immediately that the equilibrium fixed point (13) cannot be reached unless the initial values of all X N exactly correspond to the ones of the equilibrium distribution! Actually, the X N are only a small subset of the conserved correlation functions.
We will concentrate in the following on the two-point function ρ mn and show that there are states for which this will behave exactly as the density matrix in quantum statistics. The evolution equation for the two-point function reads
We note that only those terms in the general expansion of Z[j] (10) which have zero charge
contribute to eq. (16)
We will consider states which obey
This holds, in particular, whenever ρ is invertible, H − iK = Y ρ −1 . In terms of the matrices H and K we can write
with T r(Kρ) = 0. (l) . Nevertheless, the commutator on the r.h.s. implies that the trace of arbitrary powers of ρ is conserved
This yields once more an infinite set of conserved quantities. Relation (22) The analogy of ρ with the quantum mechanical density matrix can be pushed even further. By the defintion (9) ρ is hermitean and obeys the positivity conditions ξ m ρ mn ξ * n ≥ 0 for arbitrary complex vectors ξ. In particular, the diagonal elements of ρ are positive semidefinite, ρ nn ≥ 0, and obey ρ mm ρ nn ≥ |ρ mn | 2 for all m and n. The expectation value of an arbitrary quantity which is bilinear in χ, A = χ * m A mn χ n , can be written in terms of an operator associated to the matrix A mn as < A >= T r(Aρ). Different operators A, B do not necessarily commute. By suitable unitary transformations one can bring ρ into diagonal form ρ = diag(p n ) with real positive semidefinite eigenvalues p n ≥ 0. Therefore ρ is invertible if none of the p n vanishes.
In order to gain some intuition how restrictive is the "quantum condition" (21) we consider an equation of motion which contains only quartic nonlinearities, i.e. h (l) = 0 for l ≥ 2. For invertible ρ the conditon {K, ρ} = 0 for a quantum state is equivalent to K = 0 or ρY = Y † ρ, as can be seen easily in a basis where ρ is diagonal. Then quantum states obey a condition for the four-point functionẑ (2) h (1) spqr (ρ msẑ
Since this condition should hold for all t, the time derivative of the l.h.s. must also vanish. In turn, this gives a condition forẑ (3) , and so forth for higher time derivatives. Generically, quantum states therefore correspond to restrictions for all
pnqr has four indices and eq. (23) is an equation for a combination forming a matrix with two indices. One therefore expects that there are many solutions of eq. (23) forẑ (2) with givenĥ and ρ. The occurrence of quantum states obeying the conditions (19) and (21) seems quite generic!
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As an example for our discussion of quantum states, let us take the field equation (7) with a local quartic interaction W (ρ) = 1 2 λρ 2 . In a basis where the index m denotes space coordinates (i.e. lattice sites), the nonlinear part ofĤ takes the form
δ mq (δ mn δ mr + δ qn δ qr ). The evolution equation for the two-point function
The conditions for a quantum state require that for every t there exists a function
We will next consider a particular class of states where all correlation functionŝ z (l) are charge conjugation-and translation-invariant for l ≥ 2. For these states the "quantum condition" (25) will be fulfilled by virtue of the symmetries with G(x, z) =
initial translation invariance of the correlation functionsẑ (l) for l ≥ 2 is preserved by the evolution. Due to the particular structure of the evolution equation (12), this property even holds ifẑ (1) is not translation-invariant. (A translation-invariant "environment" forẑ (1) is not affected by the evolution ofẑ (1) .) In a momentum basis the translation invariance ofẑ (2) implies
and the evolution equation for
In addition, U is invariant under the charge conjugation χ(p) → χ * (p). For charge conjugation symmetric states one has A 4 (p 1 , p 2 , p 3 , p 4 ) = A 4 (p 2 , p 1 , p 4 , p 3 ) and the nonlinear term ∼ λ in eq. (27) vanishes. For a translation-and charge conjugationinvariant "environment" the evolution of the "density matrix" ρ is therefore governed by a linear von Neumann equation
with a hermitean free Hamiltonian H(p, q) =
. Despite the nonlinearity of the microscopic equation of motion (7) we have found a class of probability distributions for which the two-point function obeys a linear evolution equation!
We should emphasize, however, that charge conjugation invariance of the initial distribution does not guarantee that the state (or the environment forẑ (1) ) remains invariant at later times. Charge conjugation maps χ onto χ * and is therefore not automatically conserved by the evolution equation. In general, only a subclass of states preserves charge conjugation symmetry. In particular, the thermal equilibrium states (13) are translation-and charge conjugation-invariant. If we consider deviations from these equilibrium states where only the two-point functionẑ (1) differs from the equilibrium value, the time evolution of ρ is governed by the von Neumann equation (26) . The superposition principle is valid, and for two solutions ρ 1 and ρ 2 the sum ρ 1 + ρ 2 is also a solution.
The construction of the general solution of the von Neumann equation (with arbitrary hermitean H) is well known from quantum mechanics: It is based on a set of wave functions ψ (n) (t) which obey the Schrödinger equation
with
Here p n are the positive semidefinite time-independent eigenvalues of ρ and ψ (n) (t) the associated eigenvectors in a standard normalization ψ
given basis for the degrees of freedom χ m we can write ψ (n) (t) = a nm (t)ψ m with time-independent basis vectorsψ m such that ρ mn (t) = s p s a sm a * sn .) A pure linear quantum state obeys ρ 2 = ρ T r ρ. So far we have not chosen a particular normalization of ρ -the standard normalization T r ρ = 1 can always be achieved by a suitable rescaling of the degrees of freedom χ m . In summary, we have found a class of states for which the two-point function obeys all the dynamical rules of a quantummechanical density matrix. The time evolution of such states will not approach the thermodynamic equilibrium state. Just like in quantum mechanics, thermodynamic equilibrium can only be attained for suitable subsystems or macroscopic degrees of freedom.
For the non-relativistic quartic scalar theory, we find from eq. (28) that a translation symmetric two-point function
is conserved for arbitrary (positive semidefinite) A 2 (p) if the higher n-point functions are the ones of a linear quantum state. We have therefore found an infinity of new fixed points of the evolution equation (12). They are related to the thermal equilibrium state (13) by
with A (β) 2 * (p) the two-point function in thermal equilibrium. We emphasize that the connected higher n-point functions generated by W Finally, one may wonder if the additional fixed points and conserved correlations appear only in the non-relativistic approximation (7), or if they are also present for relativistic field equations. The second-order equation (5) can always be written as a coupled set of first order equations 5 ϕ(x) = π(x),π(x) = − δS cl δϕ * (x)
Consider first the particular two-point function 6 ρ A (x, y) = i 2M < π(x)ϕ * (y) − ϕ(x)π * (y) >
It obeys the evolution equation The situation for the relativistic system is, however, more involved than for the non-relativistic approximation. This is seen from the time evolution of the other two-point functionsρ
which obey ∂ tρϕ (x, y) = 2Mρ s (x, y) ∂ tρs (x, y) = M(ρ π (x, y) −ρ ϕ (x, y)) + 1 2M (∆ x + ∆ y )ρ ϕ (x, y) −
